Translation in Predicate Logic – Identity
Identity – Identity is a special two place relation in Predicate Logic.  ‘=’ is a logical symbol meaning it always has the same interpretation – namely, identity.  This is unlike P or Q which can change meaning with contexts.  In other respects it operates just like any other two-place predicate.  So you need two names to complete a sentence such as “John is my father.”  This ‘is’ is the ‘is of identity’ rather than the ‘is of predication’ such as in “John is a painter.”  Here we might translate “John is my father” as j=f where ‘j’ stands for John and ‘f’ stands for my father.  John is not my father can be translated as j≠f.
It is just a convention that we place the ‘=’ sign between the two names rather than before them.  Similarly, there is a convention that when we negation an identity claim we can write ‘a≠b’ rather than the more formal ~a=b.  

Here is a sample translation scheme that we can use:
P(: ( is a painter

L((: ( loves (
a: Alice

b: Bob

f: my father

m: my mother

Identity is most often used to talk about how many things of a certain kind there are.  For example, if you want to say that there is at least one painter you can say (xPx.  But if you say (x(y(Px&Py) this does not entail that there are two painters since the (x and (y can both be satisfied by the same object.  But if we add that x and y are not the same by saying (x(y(Px&Py&x≠y), then there must be at least two painters since x is a painter and y is a painter and they aren’t the same person.
Thus we can say at least two by adding x≠y

at least three x≠y & y≠z & x≠z

at least four x≠y & y≠z & x≠z & x≠w & y≠w & z≠w

at least n ……….

Since we can say at least n, we can say at most n since ‘not at least n+1’ is the same as ‘at most n’.  We can also say exactly n by saying ‘at least n and at most n’.

Here are some examples:

There are at least two things


(x(y x≠y

There are at least two painters

(x(y(x≠y & Px & Py)

There are at least two painters who love Alice      (x(y(x≠y & Px & Py & Lxa & Lya)

There are at least three painters

(x(y(z(x≠y & y≠z & x≠z & Px & Py & Pz)

There is at most one person who loves Alice  ~(x(y(x≠y & Lxa & Lya)

There are at most two painters
         ~(x(y(z(x≠y & y≠z & x≠z & Px & Py & Pz)
There is exactly one painter

(xPx & ~(x(y(x≠y & Px & Py)

Bob loves exactly two people

(x(y(x≠y&Lbx&Lby) & ~(x(y(z(x≠y&y≠z&x≠z 









& Lbx&Lby&Lbz)

‘Exactly n’ can be written as ‘at least n & not at least n+1’ as above, but this is a lengthy way to write it.  It can be shortened to ‘at least n & not another one’.

There is exactly one painter

(x(Px & ~(y(Py & x≠y))
Bob loves exactly two people

(x(y(x≠y&Lbx&Lby& ~(z(Lbz & z≠x & z≠y))
Limiting numbers can also be achieved by taking advantage of the fact that a negated existential is just a universal claim.

There is at most one painter

(x(y((Px & Py) ( x=y)

There are at most three things

(x(y(z(x=y v y=z v x=z)

There is exactly one painter

(x(Px & (y(Py ( x=y)

Bob loves exactly two people

(x(y(x≠y&Lbx&Lby& (z(Lbz ( (z=x v z=y)))

Identity can also be used to point out special cases or make exceptions
Alice loves someone other than Bob

(x(Lax & x≠b)

Alice loves Bob and another person

Lab & (x(Lax & x≠b)

Alice loves everyone other than Bob

(x(x≠b ( Lax)

-- note that as written, this sentence does not entail anything about whether Alice 
loves Bob or not.  If you want it to entail that she does not love Bob you must add 
it as a separate clause: (x(x≠b ( Lax) & ~Lab

